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THE OPTIMAL DIFFERENTIATION BASIS
AND LIFTINGS OF L=

JURGEN BLIEDTNER AND PETER A. LOEB

ABSTRACT. There is an optimal way to differentiate measures when given a
consistent choice of where zero limits must occur. The appropriate differen-
tiation basis is formed following the pattern of an earlier construction by the
authors of an optimal approach system for producing boundary limits in po-
tential theory. Applications include the existence of Lebesgue points, approx-
imate continuity, and liftings for the space of bounded measurable functions
— all aspects of the fact that for every point outside a set of measure 0, a
given integrable function has small variation on a set that is “big” near the
point. This fact is illuminated here by the replacement of each measurable
set with the collection of points where the set is “big”, using a classical base
operator. Properties of such operators and of the topologies they generate,
e.g., the density and fine topologies, are recalled and extended along the way.
Topological considerations are simplified using an extension of base operators
from algebras of sets on which they are initially defined to the full power set
of the underlying space.

1. INTRODUCTION

Measure differentiation as a limit process takes a suitable measure y and produces
values for its Radon-Nikodym derivative at almost all points of the underlying
measure space. As with all limit processes, the existence of a limit at a given point
becomes more significant as the “approach” used to obtain that limit becomes
coarser. We show here that there is an optimal, i.e., coarsest, way to differentiate
measures once one has made a consistent choice of where zero limits must occur.
For measures of the form fo produced by bounded functions f and a fixed reference
measure o, the sets where zero limits must occur can be obtained using any lower
density operator on measurable sets. In this case, the optimal differentiation basis
produces a limit ¢ at a point z if and only if f is essentially close to ¢ at z in terms
of the lower density operator.

The construction of our differentiation basis here is analogous to the formation
of optimal boundary approach systems for potential theory in [H]. In that setting,
points in a domain act as functionals on boundary measures by extending those
measures as harmonic functions into the domain and evaluating at the points. As
the set of points used at a stage in the limit process gets bigger, that is as the
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approach filter system gets coarser, the information given by the existence of a
limit improves. For example, the existence of a nontangential limit at a boundary
point gives more information than the existence of a radial limit.

Our method of differentiating measures in a suitable class of measures uses the
fact that measurable sets act as functionals on the class: The value of the functional
on a measure is the measure of the set. The larger the collection of these functionals
one has at any stage of the filtration process, the more information one obtains
when a limit exists. We use the principal result from [3] to show that when a
reference measure o and a suitable normalization are given, our differentiation
basis is optimal. The normalization assigns to each measure in the class a set
of points where the measure derivative must be 0. Known limits, such as those
produced by another differentiation basis or some other limit process, often guide
in making this assignment. The zero-sets are then used in constructing the filter
at each point forming the optimal differentiation basis. The result we use from
[3] is a necessary and sufficient condition for almost everywhere convergence; the
corresponding filters are the coarsest producing the desired limits. This suggests
that other differentiation bases work because they refine the one constructed here.

Underlying various aspects of this theory is the fact that for every point outside a
set of measure 0, a given o-integrable function f has small variation on a set that is
“big” near the point. Depending on the context, these points are called “Lebesgue
points” and points of “approximate continuity” for f. A measure limit ¢ exists at
x with respect to our optimal differentiation basis if and only if x is a Lebesgue
point for f. We will also say that f is “essentially close” to ¢ at x. (This is the
same as speaking of approximate continuity at x, but ignoring the value at z.) At
the end of this article, we will easily construct a lifting for the space of bounded
measurable functions £, which assigns to each member f the value ¢ at any point
where f is essential close to ¢. Along the way, we will recall and further develop
the theory of base and antibase operators and of the topologies they generate, such
as the density topology and the fine topology from potential theory. Base and
antibase operators replace sets with collections of points where the sets are big.
With more structure, they are also called upper and lower densities. We will give
a new, simple description of the topologies associated with these operators, using a
natural extension of the operators from algebras of sets on which they are initially
defined to the full power set of the underlying space X. We will even extend base
operators to bounded real-valued functions on X, capturing in an elementary way
topological operations on the functions.

2. THE GENERAL SETUP

In what follows, (X, M) is a measurable space and M is a convex cone contained
in the set of all nonnegative finite measures on (X, M). We use the notation up
for the restriction of a measure y to a measurable set E; i.e., ug(4) = u(ANE).
We assume that for each v € M and E € M, vg € M. If ;1 and n are measures
in M, we write p < n if u(A) < n(A) for each A € M. We let RT denote the
nonnegative real numbers and N the natural numbers. If X is a metric space, we
use the notation B(x,r) for the closed metric ball with center z and radius 7.

We work with a fixed nonzero measure ¢ € M, which we call the reference
measure. Given y € M, we write du/do for the Radon-Nikodym derivative of the
absolutely continuous part of p with respect to 0. We write 0(A) = 0 when this
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equation is true for the o-completion of M. Note that the class M of measures can
consist just of measures absolutely continuous with respect to o, or more generally,
measures obtained from ¢ using LP-densities for some p with 1 < p < co.

The result we use from [3] is couched in terms of functionals on M. For the
purpose of this article, sets A € M play the role of functionals. That is, for each
w € M, the value of the functional determined by A at u is u(A).

3. GENERAL DIFFERENTIATION BASES

In this and some later sections, we work with a measurable subset X, of X.
For applications, X, will be chosen so that all appropriate subsets have positive
o-measure. Our differentiation bases are filter bases on the collection of measurable
subsets of X, ; they are not filter bases on X, itself. For example, instead of the
family of all balls centered at a point x in a metric space X, we work with sets of
balls BS. Each set B consists of all balls centered at x with radius smaller than
. In general, we use the following variation of the definition in Section 6E of [16].

Definition 3.1. Suppose with each point x € X, there is an associated filter base
D, such that each D € D, is a collection of measurable subsets of X, and o(A) > 0
for each A € D. A real number c is the measure limit of p € M with respect to
o and D, at z if, for any € > 0, there is a set D € D, such that for each A € D
we have |u(A)/o(A) —c| < e. We write ¢ = limaepep, 1(A)/o(A). We will call
the mapping D : ¢ — D, a differentiation basis with respect to M and ¢ on
X, if for all 4 € M such a limit exists o-a.e. on X, and the limits represent the
Radon-Nikodym derivative of the absolutely continuous part of p with respect to
o on X,. That is, for all p € M,

j—g(x) = AehDIgDm % for o-a.e. x € X,.

Example 3.2. Fix a metric space (X, p), where M is the class of Borel sets and
M is the set of finite, outer regular Borel measures. Assume a result such as
the Besicovitch or Vitali covering theorem holds. Let X, be the support of the
reference measure o. For each 2 € X, and 6 > 0, let BS be the collection of closed
metric balls B(z,r) with 0 < r < 4. The ball differentiation basis with respect
to 0 on X, is the mapping B that associates with each z € X, the filter base
B, = {Bg 10> 0}. In [3], Theorem 4.2, a simple proof is given showing that B
is a differentiation basis when the measures in M are inner regular. An obvious
modification produces a proof for outer regular measures.

Definition 3.3. We say that a differentiation basis F is coarser than a differen-
tiation basis D on X, if at each x € X, the filter generated by F, is contained in
the filter generated by D,; we do not require the containment to be strict.

Remark 3.4. Note that the filter generated by F, is coarser than the filter generated
by D, if each set F' € F, contains some set D € D,. An analogous situation
occurs with approaches to the boundary in potential theory for the unit disk: The
nontangential approach filter is coarser than the radial approach filter because each
nontangential region contains all of the points of some radial segment and more.
Note that it is more informative to have a limit with respect to a nontangential
region (the coarser filter) than to have it just for a radial approach. Here is a way
to make a differentiation basis coarser and then obtain additional information from
the existence of the corresponding measure derivatives.
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Proposition 3.5. Let F : xz — F, be a differentiation basis with respect to M and
o on X,. Given x € Xy, for each F € F,, let
U(B)} :

Then H : ¢ — H, = {Hp : F € F,} is a differentiation basis with respect to M
and o on X,.

HF:{AEM:HBEFwithAgBanda(A)Z

N =

Proof. 1t is easy to see that for each x € X, ‘H, is a filter base. Fix a measurable
set F C X, and a measure v € M with v(E) = 0. Since F is a differentiation basis,
we know that there is a set S C F with ¢(S) = 0 such that for each z € E'\ S,

limperer, % () = 0. This means that for each x € E \ §, we may fix a set

F € F, such that Zggg < 1 for each B € F. By definition, for each A € Hp, there

is a set B € F such that A C B and ¢(A) > 20(B). Moreover,
v(A) < v(B) v(B) 9. v(B)

o(A) ~o(A) ~ Lo(B) T o(B)
)

IN

<1

This means that im sup 4¢ g, e2¢, ZE‘:) x) < 1. By Theorem 1.1 of [3], the result is

established. O

Remark 3.6. We will call the differentiation basis H : x — H, of Proposition B
the half differentiation basis formed from F. We could at each point use a
positive constant other than 1/2. (See, for example, [9] for the case of balls.) We
show next, however, that the value 1/2 plays a special role. That demonstration
uses the notation || for the total variation of a measure p in M.

Definition 3.7. Let F : z — F, be a differentiation basis with respect to M and
o on X,. A point z € X, is a Lebesgue point with respect to F, a measure
W€ M, and a constant c if

ln—c-o|(B)

=0.
BEFEF, o (B)

Remark 3.8. For the case that 4 = fo for some nonnegative o-integrable function
f, the above limit is

I51f(y) —clo(dy)

BEFEF, o (B)

That is, the measure limit is 0 at = for | f — ¢|o. Foreach pp € M, |u(B) —c¢- o(B)] <
| —c- o] (B), so a measure derivative exists and equals ¢ at any point that is a
Lebesgue point with respect to p and c. It follows that the constant ¢ is unique for
each Lebesgue point. On the other hand, if a measure limit 0 exists for u at x, then
x is a Lebesgue point with respect to p and 0. Note that a point z is a Lebesgue
point with respect to a constant ¢ for a bounded, measurable f if and only if for
any € > 0,

=0.

gy Uz eB:|fl)—cl2¢e})
BEFEF, o(B)

=0.

Remark 3.9. In general, the existence of a measure limit at a point does not mean
that the point is a Lebesgue point. For symmetric interval differentiation on the real
line, for example, we may let  be Lebesgue measure multiplied by the characteristic
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function of [0,1]. The measure derivative with respect to Lebesgue measure exists
and is 1/2 at 0 and 1, but neither point is a Lebesgue point for p.

Given a differentiation basis, we now isolate the Lebesgue points as the set of
points where a measure derivative exists with respect to a coarser differentiation
basis constructed from the given one. The authors are indebted to Aurel Cornea
for this result (private communication) stated in the context of ball differentiation.
It is, as we show, valid in our more general setting.

Theorem 3.10. Let F : z +— F, be a differentiation basis with respect to M and o
on X,. Let H be the half differentiation basis formed from F. Fix p € M, and let
S C X be the set of all points x € X, where the measure limit of pu with respect to
o and H, exists. Call that limit f(x). Every Lebesgue point x with respect to F,
and constant ¢, belongs to S, and f(x) = ¢,. Conversely, each x € S is a Lebesgue
point for the differentiation basis F with respect to the measure p and the constant

Proof. First assume that x is a Lebesgue point with respect to F, u and ¢. Fix
B € F € F,, and fix a measurable set A C B with 0(A) > 10(B). Then

V(A)—c-a(A)\ _li—col(A) _ u—c-ol(B)
o(A) -

For the converse, fix x € S and € > 0. Set ¢ = f(x). We choose F' € F,, so that for
all A€ Hp,

Ju—c-al(B)
A S o T o)

< -.
o (A) 3

Fix any B € F. Let the sets P and N form a Hahn decomposition of B with

respect to p — ¢ - 0. We will assume that o(P) > 10 (B); a similar proof works if

o(N) > 1o (B). Now since B itself is in Hp,

‘u(A)—Cﬁ(A) €

1 (B) —c-0(B)| = |u(P)+u(N) —c o (P)—c o (N)| < =

g-U(B).

By assumption,
It follows that

and so
n—c-ol(B)=u(P)=c-o(P)—u(N)+c-o(N)<c-o(B).

Since ¢ is arbitrary, we are done. O

Corollary 3.11. Let F be a differentiation basis with respect to M and o on X, .
Fix € M, and let f represent the Radon-Nikodym derivative of the absolutely
continuous part of p with respect to o. Then o-almost all points x € X, are
Lebesque points with respect to p and f(z).
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4. ZERO-SET MAPPINGS

The process of halving a differentiation basis is an example of producing addi-
tional information by coarsening a given differentiation basis. In the next section,
we will construct the coarsest, i.e. optimal, differentiation bases that satisfies a
consistent specification of where zero limits must occur. The required zeros will be
determined by a mapping Z : v — Z, from M into the collection of subsets of X,.
Each Z,, will be the set of required zeros for the measure derivative of v. Here is
what we require of the mapping Z.

Definition 4.1. A function Z mapping M into the subsets of X, is a zero-set
mapping if the following five conditions hold for all v, u € M, all measurable sets
ECX,,and all ¢ >0 in R:

i) Z,NZ, C Zyqy,

i) Ze, = Z,,
iii) Z, =0 if 0 <von X,,
i) Zo = X,

v) if v(F) =0, then o(F\ Z,)=0.
Given v € M, we call Z,, the zero set for v. A zero-set mapping is called positive
if for all v, p € M we have Z,NZ,, = Z,y,; thatis, v<pu= 2, C Z,.

Remark 4.2. The equivalence of the conditions for positivity follows from the facts
that, for positive measures, v < v+p, p < v+pu, and if v < p then p = v+ (u — v).
When 7 is a topology on X, and U, is the collection of T-open neighborhoods of
x € Xy, we will for some results assume the following additional condition holds:

T)Vz € Z,, VU € Uy, 3A € M with A CU and v(4) < o(A).

Example 4.3. Let X, be the support of ¢ in a metric space where a ball-covering
theorem holds. All the above conditions, including Condition 7, will hold if each
Z, is the set where a limit 0 is obtained when computing a representative for dv/do
using the ball differentiation basis on X,.

Example 4.4. In the same setting, if M is the space of measures generated by
bounded densities on X,, we can form a positive zero-set mapping by using a
multiplicative (therefore, positive) lifting T' of L*°(¢) with T'(1) =1 and T'(0) =0
on X,. We put z € Z, if and only if the lifting of the density for v is zero at x.
We can extend this selection to L!(c) using the following result.

Proposition 4.5. Let Z : v — Z, be a positive zero-set mapping for measures
formed from o and L>(o) densities. For each nonnegative h € L(o), set Z), =
Zha)o- The mapping ho — Zns is a positive zero-set mapping extending the
original mapping Z .

Proof. To show we have an extension of the original mapping Z, we fix h € L*(0)
and a positive constant a < 1 so that ah <1 g-a.e. Then

Zhalye € Zahaloe = L(ah)oe = Zho S Z(hal)o-

To show that Condition i holds for the extended mapping, we fix two nonnegative
functions f and g in L'(0) and note that

(fHONLS(fFAL)+(gAT).
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If ¢ is a positive constant, then for ¢ <1 we have ¢cf A1 < f A1, and for ¢ > 1 we
have

1
cf/\l—c<f/\—) <c(fAl).
c
It follows from Condition ii that in either case Z(yn1)o = Z(cfa1)0, Whence Condi-
tion ii holds for the extended mapping. The rest is clear. [l
5. THE OPTIMAL DIFFERENTIATION BAsIS

Now, in terms of X,, M, M, o, and a given zero-set mapping Z, we construct
the coarsest differentiation basis yielding a measure derivative 0 for each v € M at
each x € Z,. Given a measure v € M, we set

DV :={ACX,:Ae M, v(A) <o(A)}.
For example, D? := {A C X, : A€ M, 0 < o(A)}. For each x € X we set
Dy:={D":veM, x€Z,}.

Theorem 5.1. The mapping D : x — D, is a differentiation basis on X,. It is
the coarsest differentiation basis F with the property that for each v € M,

v(4)
Ay o) o

Z,C{zxeX:

Ifye Xy, p€ M, and limaepep, UEA; = 0, then D" is in the filter generated by
D,.

Proof. Fix x € X,. To show that D, is a filter base, we note first that by Condition
iv for zero sets, D° € D, whence D, # (). Moreover, () ¢ D,. To see this, fix v € M.
If x € Z,, then by Condition iii, we must have v(A) < o(A) for some measurable
subset of X, since otherwise o < v, and then Z,, = (). It follows that each D¥ € D,
is a nonempty subset of M. If D € D, and D" € D, then by Condition i for zero
sets, DT € D,, and of course D¥T# C DY N D*. It follows that D, is a filter base.
To show that the mapping D is actually a differentiation basis on X, we fix a set
E € M and a measure v € M with v(E) = 0. For the o-completion of M we have,
by Condition v, o(E \ Z,) = 0, whence D¥ € D, for o-a.e. x € E. This means
that for o-a.e. ¥ € E, imsup ¢ pep, % < 1. It now follows from Theorem 1.1
of [3] that D is a differentiation basis on X,. To show the required zero limits are
obtained, fix v € M. If z € Z,, then by Condition ii, for each n € N, D™ € D,
and for each A € D™, nv(A) < o(A), whence v(A)/o(A) < 1/n. Therefore,

limaepep, % = 0. If p € M and F is a differentiation basis on X, for which

limgeper, £ (A) = 0, then there must be a set F' € F, such that for each B € F,
#(B) < o(B). This means that D* must be an element of the filter generated by
Fz. In particular, if limaepep, % = 0, D" is in the filter generated by D,. It
now follows that the mapping = — D, is the coarsest differentiation basis on X,
yielding the zeros specified by the mapping Z. O

Remark 5.2. The last statement of Theorem Bl shows that producing the differ-
entiation basis x +— D, is an idempotent operation. Once the sets of zeros Z,,
v € M, are produced by using the differentiation basis D, they do not change if the
process is repeated. Moreover, if the zero-set mapping Z is formed to begin with
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by the zeros resulting from using a differentiation basis F, then since the resulting
differentiation basis D is coarser than F, using D produces no new zeros.

Corollary 5.3. The differentiation basis D is its own half differentiation basis.
Therefore a measure limit for p € M exists at x if and only if x is a Lebesgue point
with respect to D and p.

Proof. Let 'H be the half differentiation basis constructed from D. Given v € M,
if x € Z, then D, produces a zero limit for v at =, so x is a Lebesgue point with
respect to D and v. It follows from Theorem B.I0 that H, also produces a zero
limit for v at . But D is the coarsest differentiation basis producing the zeros
specified by Z. Therefore, H = D. O

For the rest of this section, we suppose there is a topology 7 on X,,. Let U, denote
the collection of 7-open neighborhoods of x € X,. Unlike the ball differentiation
basis and its corresponding half differentiation bases, the optimal differentiation
basis D of Theorem 1] does not converge to points in X, in the sense that for any
U € U, there is a DY € D, such that A C U for all A € D¥. Recall Condition 7:

Vo € Z,, YU € Uy, 3A € M with A C U and v(A) < o(A).

If this additional condition holds for zero sets (as is the case, for example, when ball
differentiation defines the map Z), then we can remedy the situation as follows.

Theorem 5.4. Assume the zero-set mapping Z satisfies Condition 7. For each
veM and each U € 1, set D}, :={A€ D, : ACU}. Given x € X,, set

D] ={Dfp:veM, x€Z,, Ucl,}.

The mapping D7 : x +— D is a differentiation basis on X,. It is the coarsest
differentiation basis refining D such that for each v € X, and each U € U, there is
an element D of D7, such that A C U for all A € D.

Proof. Fix x € X,. By Condition 7, ) ¢ DZI. It is thus easy to see that DI is a
filter base that refines D,. Since the limits obtained using D are retained using a
refinement, D7 is a differentiation basis. O

6. BASE OPERATORS AND TOPOLOGIES

Applications and extensions of the previous results are conveniently stated in
terms of base operators and the corresponding topologies. In this and the next
section, we recall and expand on some of the relevant literature, e.g., [10], [T4], and
[16]. We work with a set X, which in our applications will be X,. We use the
notation 14 for the characteristic function, and CA for the complement, in X, of a
subset A. We write P(X) for the full power set of X. The set where a property p
holds in X may be denoted by {p}.

Rather than a full measure structure, we work in this section with an algebra .4
of subsets of X; we may have A = P(X). Given set mappings s and ¢t : A — P(X),
we write s <X t if for each A € A, s(A) C ¢t(A). We will use F;, to denote the space
of bounded real-valued functions on X.

Definition 6.1. Recall that a base operator, or just a base, on an algebra A of
subsets of X is a mapping b : A — P(X) such that

b(®) =0, b(X)=X, and VA, B € A, b(AU B) = b(A) Ub(B).
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We will call e an antibase operator, or just an antibase, on A if e : 4 — P(X)
has the property that

e(®) =0, e(X)=X, and VA, Be A, e(ANB)=-e(A)Ne(B).

The antibase e constructed from a base b by setting e(A) = C(b(CA)) is called the
antibase associated with b. We have a similar definition for the base associated
with an antibase.

Remark 6.2. It is easy to prove that every base and antibase operator is an increas-
ing set mapping. If b and e are associated base and antibase operators, then e < b,
since for each A € A, b(A) Ub(CA) = X, so e(A) = Cb(CA) C b(A). Note that a
base that is also an antibase equals its associated antibase.

We now fix a nonstandard enlargement of a structure containing X and the real
numbers (see, for example, [13]). We write « ~ @ when a and g are infinitely
close nonstandard real numbers. We need the fact that every limited (i.e., finite)
nonstandard number « is infinitely close to a unique real number a; we write a =
st c. For the nonstandard extensions of sets A and B, we have * (AU B) = *AU*B,
*(ANB) = *AN*B, and *CA = C*A. Recall that the monad of a point x in a
topological space is the set () *O, where the intersection is taken over the collection
of all standard open sets O that contain . We will also use the fact that if F is a
filter base in X, then there is an (internal) set B € *F with B C (), *A.

Definition 6.3. We call a mapping £ : X — P(*X) \ {0} a base generating
function. We write E,, for the nonempty (possibly external) set that is the image
of . The operators b and e on P(X) given by

b(A):={r e X:E,N"A#0} and e(A):={xre X:E, C*A}
are called the base and antibase on P(X) generated by F.

Example 6.4. A simple example of a base generating function is obtained for a
topological space X by letting E, be the monad of x for each x € X. In this case,
e(A) is the interior of A and b(A) is the closure of A for each A C X.

Remark 6.5. Given a base generating function, it is easy to check that b and e are
in fact a base and antibase associated with each other on the algebra P(X). As we
now show, every base and associated antibase on an algebra A can be obtained from
a base generating function. This gives an automatic extension of these operators
to the full power set of X.

Theorem 6.6. Fix an algebra A of subsets of X together with a base operator b
and the corresponding antibase operator e on A. For each x € X, we set

E,:=({"A:Ac A zce(A)}.

The mapping E is a base generating function on X, and the corresponding base and
antibase generated by E on the full power set of X are extensions of b and e.

Proof. If z € e(A) and e(B), then z € e(ANB), so ANB # (). 1t follows that E, # 0.
Fix A€ Aand ¢ € X. If x € e(A), then by definition, E, C *A. If E, C *A,
then there is an internal set B € * A with B C E, and z € *e(B) C *e(A), whence
x € e(A). It follows that for each A € A, e(4) = {x € X : E; C *A}. Moreover,
for each A € A,

rebA) s r¢ellA) e E,N*A£). O
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Remark 6.7. If the antibase e is originally defined on A using a base generating
function F', then for each z € X, F, C E,. The theorem shows that both F' and F
generate the same base b and antibase e on A. We will call E the base generating
function associated with b and e on A.

Example 6.8. An important example of an antibase is the mapping e on a suitable
metric space that sends each measurable set A to its points of density with respect
to ball differentiation. In this case, for each z € X, the set F, is the intersection
of all sets *A such that z is a point of density of A. Of course, this is a subset of
the monad of z.

Definition 6.9. Let F be a base generating function on X. For each f € F, we
set

be(f)(x) :=sup {st ("f(2)) : z € B},
ep(f)(z) :=nf{st ("f(2)) : z € Ex} = —bp(-[)(z).
We call a mapping ¢ : X — *X with ¢(z) € E, for each z € X a base choice

function with respect to E. Given such a function, for each A € P(X) and each
f € Fp, we set

ts(A) :={r € X : ¢(x) € "A}, and t4(f)(x) := st ("f(o(2))) .

Remark 6.10. It is easy to see that for each set A C X, 1y4) = bp(la) and
lecay = ep(1a). In selecting a base choice function, if € E,, we may choose
¢(x) = x. On the other hand, given a set Ay we may choose ¢(x) € *A4g N E,
if this set is nonempty; we then have t4(Ag) = b(Ap). Similarly, we may choose
#(z) € *CAg N E, if this set is nonempty; we then have t4(Ag) = e(Ay).

Proposition 6.11. Let E be a base generating function and ¢ a base choice func-
tion with respect to E. Let b and e be the base and antibase operators on P(X)
generated by E. Then

1. e=ty =b, and for each f € Fy, ep(f) < ts(f) <br(f).
2. The operator ty is both a base and an antibase on P(X).
3. For any pair of functions f and g in Fp and any constant o, to(f +g) =

to(f) +1s(9), to(f-9) =ts(f) - ts(9), tslaf)=a-ts(f).
4. ty(f)(x) =aif *fly) =a foraly e E;.

Proof. Clear. O

Proposition 6.12. Let b be a base operator on an algebra A C P(X), and let
E be the associated base gemerating function. If f is a nonnegative function in Fp,
then for all x € X,

be(f)(@) = sup {t > 0w € b({f > 1})}.

It follows that if A is actually a o-algebra and b : A — A, then br(f) is A-
measurable when f >0 is A-measurable.

Proof. The result follows from the fact that

bp(f)(z) =sup{t >0: B, N {*f >t} #0}
=sup{t>0:zeb({f>1t})}.
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We now fix an algebra A of subsets of X together with a base operator b and the
associated antibase operator e on 4. We let E be the associated base generating
function. We also let b and e denote the extensions of b and e to the full power set
of X. The b-topology, described in [16], is given by the following characterization:
A set O C X is open in the b-topology iff O C e(O). Equivalently, a set F C X is
closed in the b-topology iff b(F) C F. It is easy to see that this definition does in
fact produce a topology on X.

Proposition 6.13. A set O C X is open in the b-topology iff for each x € O,
E, C*0.

Proof. Assume O is open in the b-topology. If z € O, then x € ¢(0), so E, C *O.
Conversely, assume that for each y € O, E, C *O. Then for any given x € O, there
is an internal set B € *A with B C E, C *O and z € *e(B) C *e(O). It follows
that z € e(0O). This shows that O C e(0O), i.e., O is open in the b-topology. O

A base operator b is called strong on A if for each A € A, b(b(A)) C b(A). An
equivalent condition for the associated antibase is that for each A € A we have
e(e(A)) D e(A). Recall that a topological space is T; if each point z forms a closed
singleton set. That is, for any point y # x in X, the monad of y does not contain
x. For the b-topology, this means b({z}) C {z} for each z € X.

Theorem 6.14. Assume that b is a strong base operator on A. Then for each
x € X, the monad of x in the b-topology is E, U {x}. Conversely, b is strong if the
b-topology is Ty and E, U{zx} is the monad of x.

Proof. Fix x € X. By Proposition [6.13]
ExU{x}zﬂ{*AU{x}:AeA, x€e(d)} C ﬂ{*O:O open, z € O}.

We must show that if b is strong, the above set containment can be replaced with
equality. Given A € A with € e (A), the set ANe(A) is an open subset of A since

e(Ane(A)) =e(A)Ne(e(A)) =e(4) D Ane(A).

(

Moreover, as we have shown, e (ANe(A4)) = e(A), so z € e(ANe(A)). It follows
that B, C* (ANe(A)), whence (ANe(A))U{z} is an open neighborhood of z.

To establish the converse, we fix an A € A and show that b(A) is closed. Tt
follows from our assumption that b(A) is the set of all accumulation points of A
together with those points x € A that are also in E,. Any accumulation point of
the set of accumulation points of A is an accumulation point of A. Therefore, b(A)
is closed. O

Example 6.15. Fix a two point set {@, 3}. Let E, = {} and E3 = {a}. Then
e({a}) = b({a}) = {6}, and e({B}) = b({B}) = {a}. The b-topology is the
trivial topology, so the monads of « and § are each equal to {a,3}. Of course,

b(b({a})) = b({B}) = {a}, which is not a subset of b({a}) = {8}.

Definition 6.16. Given a strong base operator b and associated antibase e, we
say that a real-valued function f defined on X is essentially close to a con-
stant ¢ at x, and that c¢ is the approximate value for f at x, if for any ¢ > 0,
xee({ye X :|f(y) —c| <e}). In standard terminology, a function is said to be
approximately continuous at a point if it is continuous there in the b-topology.

Proposition 6.17. Fix a strong base operator b and associated antibase e. Let f
be a real-valued function defined on X.
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1. There is at most one approximate value for f at any point of X.

¢ is an approximate value for f at x iff for each y € E,, *f(y) = c.

3. f is continuous at x in the b-topology iff f(x) is an approximate value for f
at x.

o

Proof. The uniqueness of approximating values follows from the fact that disjoint
sets have disjoint images under e. It follows from the definition that if ¢ is an
approximate value of f at x, then * f differs from ¢ by at most an infinitesimal on
E.. For the converse, we use the fact that there is an internal set B € *M with
B C E, and x € *e(B). If *f(y) = c for all y € B, then for any ¢ > 0 in R,
there is by “downward transfer” a standard set A € M with z € e (A) such that
|f(y) —c| < e forall y € A. Tt follows then that ¢ is an approximate value for f at
z. The last statement follows from Theorem Since b is a strong base operator,
the monad of any = € X is the set E, U {z}. O

Remark 6.18. An important base operator b : P(X) — P(X) occurs in potential
theory when X is the underlying set of a balayage space or a harmonic space (see
[]). For any set A C X, the base b(A) is defined by setting

b(A) :={z € X : Aisnot thin at z}.

The base operator b is strong, and the b-topology is just the fine topology. By
Theorem B.14, the fine topology monad of each z € X is the set E, U {z}. We
should note that the standard formula for bg in Proposition [6.12 was used by Fu-
glede [I0] in a potential theoretic context to extend the base operator to functions.
Another important example of a strong base operator is given by the essential base
3 associated with b. (See [I] or [16].) This base 3 has the properties that 3% = j3,
B =<b,and 8 = b iff 5(A) =0 = b(A) = 0. We note that the base generating
function for b is given at x € X by

E, = ﬂ {*V : V a fine neighborhood of x}

if b ({z}) = z, but one must remove z if b ({z}) = . On the other hand, the base
generating function for 3 is given at x by

E, = ﬂ {*(V'\ S) : V a fine neighborhood of z, S a semipolar set} .

7. DENSITIES AND TOPOLOGIES

We now fix an algebra A in P(X) and a collection N/ C A stable under the
operation of taking finite unions, and also having the property that any subset of
an element of A is again in NV, and therefore also in A. We call A/ a collection
of null sets in A. For arbitrary subsets A and B of X, we write A ~ B if the
symmetric difference (A\ B)U (B \ A) is in N.

Definition 7.1. A base operator b is called an upper density (with respect to
N)if b(A)\ AeN foreach A€ Aandb(A) =0if A€ N. An antibase operator
e is called a lower density (with respect to N) if A\ e(A) € N for each A € A
and e(A) = X if A~ X. An upper density that is also a lower density is called a
lifting of A.

Proposition 7.2. If b is an upper density on A with respect to a collection of null
sets N, then the associated antibase e is a lower density. A similar fact is true
if e is a lower density with respect to N'. In either case, for each set A € A, we
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have e(A) ~ A and b(A) ~ A. Moreover, if A ~ B in A, then e(A) = e(B) and
b(A) = b(B).

Proof. Suppose b is an upper density and e the associated antibase. Given A € A,
we have b(A) NCA € N and b(CA) N A € N. Since e < b, e(CA)NA €N,
ie, A\ b(A) € N. Tt follows that b(A) ~ A. If A ~ B in A, then b(A) =
b(ANB)Ub(A\ B) = b(AN B) = b(B). It now follows that for each set A € A,
e(A) = Cb(CA) ~ CCA = A, and if A ~ X, e(A) = Cb(CA) = Co(0) = X. Suppose
that e is a lower density with respect to N and b the associated base. Given
A€ A, we have ANCe(A) € N and CANB(A) € N, whence CANe(A) € N, ie.,
e(A)\A € N. Tt follows that e(A) ~ A. For each A € A, b(A) = Le(CA) ~ CCA = A,
and if A € NV, then b(A) = Ce(CA) = (X = (). Therefore, b is an upper density. If
A~ Bin A, then e(A) = Cb(CA) = Cb(CB) = ¢(B). O

Proposition 7.3. Suppose b and e are associated upper and lower densities with
respect to N on A and E is the associated base generating function. Then the
following properties hold for E:

YVAEA, {zre A:E,NC*A#0} e N,
ii)VAEN,Vr e X, E, CC*A.

Conversely, suppose that E is any base generating function satisfying Properties i
and . Then the base b and antibase e generated by E are upper and lower densities
with respect to N' on A.

Proof. Both statements follow from the fact that for each A € A,
WA\ A={zeCA:E,Nn*A#0},
A\e(Ad)={z e A:E,n*CA#0},

and b(A) =0 iff E,N*A =0 for all z € X, while e(A) = X iff E, C *A for all
z e X. |

Proposition 7.4. Fix an upper density b and its associated lower density e with
respect to N' on the algebra A. For each A € A, b(b(A)) = b(A), so b is a strong
base operator. Let E be the base generating function associated with b and e. For
any ¢ that is a base choice function with respect to E, we have ty(A) ~ A for each
A € A. If, moreover, e and b are equal, i.e., e is a lifting of A, then for any base
choice function ¢ with respect to E we have e = tg4 on A.

Proof. If ¢ is a base choice function, then for each A € A, e(A) C t4(A) C b(A), so
ty(A) ~ A. If, moreover, e = b, then e =ty on A. O

Remark 7.5. When b is an upper density, the b-topology is called an abstract
density topology (see Section 6E of [16]). If {z} € N, then x € e (X \ {z}) = X,
so B, C *(X\ {z}), whence z ¢ E,. If {} ¢ N, then e ({z}) ~ {2}, so x €
e ({z}). In this case, E, C *{z}, which means that E, = {z}, and {z} is both
open and closed in the b-topology.

Proposition 7.6. If {z} € N and f € Fy, the values bg(f)(z) and eg(f)(x) are
the limsup and liminf of f at x in terms of the deleted b-neighborhood system of
x. That is,

be(f)(z) = limsup f(y), and eg(f)(x) = lim inf f(y).

y—w, yFa YTy
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Proof. Clear. |

Remark 7.7. Our observations on approximate continuity and the density monad
generalize results in Proposition IV.4 and its preceding remark that were established
by Wattenberg for [0,1] in [1§]. Luxemburg has also used nonstandard analysis in
arguments involving points of density on the real line in [17].

8. L AND APPROXIMATE VALUES

Returning to our measure theoretic setup, we now restrict our attention to mea-
sures that are absolutely continuous with respect to the finite measure o. As
we have seen, we may even restrict our attention to measures produced by non-
negative bounded densities. From now on, we write X instead of X,, and we let
M be the algebra of measurable subsets of X and A the o-null sets. We assume
that (X, M, o) is a complete measure space. We use £ to denote the space of
bounded measurable functions on X.

Proposition 8.1. Let Z be a positive zero-set mapping for the measures of the
form fo where f > 0 is in L. For each A € M, let e(A) := Ziy,0 = Zog,-

Then e is a lower density on M. Moreover, if v € Zyq, then for each n € N,
zee{f < 1/n}).

Proof. By definition, e(0)) = Z, = 0. Given sets A and B in M, if A ~ X, then
G(A) = Zchg =Zy=X. Ifx € G(A) ﬂe(B) = Zchg N Zchg = Z(10A+1GB)‘77
then z € Zl(cA)u(cB)U = Zlc(mmg, since 1(BA)U(GB) < 1lgs + 1gp. It follows that
e(A)Ne(B) C e(AN B). The reverse containment follows from the fact that if
x € e(ANB), then z € Zl(cA)u(cB)f’ C Zig,0, 50 x € e(A). Similarly, z € e(B),
so z € e(A) Ne(B). Since ogy(A) = 0, we have 0 (A\ e(A)) = 0 (A\ Zg,) =0,
so e is a lower density. Finally, fix n € N and x € Zy,; let B = {f <1/n}. Then
T € Zfigpo 80 T € Zn.f1gpe © L1g,0, Whence x € e(B). O

Example 8.2. Suppose Z is the zero-set mapping produced by measure differen-
tiation with respect to balls and Lebesgue measure on a bounded open subset of
R™. Then e(A) is exactly the set of points of density of A.

Rather than starting with a zero mapping for measures generated by £ and o,
we will for the rest of this section assume that we have a fixed lower density e and
associated upper density b mapping M into M. The null sets A" are the sets of
o-measure 0. We will use e to form a zero-set mapping for the measures generated
by L£°. As before, for each z € X we set B, :=({*A: Ae M,z ce(A)}.

For each nonnegative f € £, we let Z¢ be the set of point where f is essentially
close to 0. That is,

Zp = ﬁe({f < %}) = {z € X :bp(f)(z) =0}.

n=1

Notice we use the notation Z; instead of Zy, for this set mapping.

Proposition 8.3. The mapping fo — Z; is a posiltive zero-set mapping on the
measures generated by L and o.

Proof. Fix nonnegative functions f and g in L>. If f = g o-a.e., then Z; = Z;. If
f<g,thenforeachn e N, {g <1/n} C{f <1/n}, s0o Z, C Z;. Since bg(f)(z) =
0 and bg(g)(z) = 0if and only if b (f+g)(x) = 0, it follows that Z;NZ, = Zyy4. If
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x € Zy, then for each positive number «, we have bg(af)(z) =0, whence x € Z,y.
If f > 1 o-a.e., then by Proposition [[3] Zy = (. Moreover, Zy = e(X) = X.
Finally, assume f = 0 o-a.e. onaset A € M. Let B :={z € A: f(zx) > 0}.
For cg-a.e. x € A we have x € e(A), so by Proposition [[3] E, C *A\ *B, whence
be(f)(z) =0. That is, 0 (A\ Zy) = 0. O

We now want to relate measure differentiation and approximate values for func-
tions in £2°. Because we can always add a positive constant to any f € L, we
may restrict our attention to nonnegative functions.

Theorem 8.4. Let D be the optimal differentiation basis formed using the con-
struction of Section [ from the mapping fo — Zy defined above. A nonnegative
function f in L is essentially close to ¢ at x with respect to the lower density e

iff
. fo(4)
482D, 5 (A)

Zf—{xeX: lim f”(A)—o}.

AeDeD, o(A)

= C.

In particular,

Proof. By Corollary B3|, D is its own half differentiation basis, so
fold) e L —clo(d)

AeanelDw o(A) A€eDeD, a(A) =0

We may, therefore, restrict the proof to the case of the constant ¢ = 0. Let M =
| fllo- Assume first that f is essentially close to 0 at . Fix n € N, and let
S ={f<1/n}. Then x € e(S). Let g, := n - 1gg, and let v, = g,o. For each ¢
with 0 < ¢ < 1 we have {g, <e} =5, so x € Z;,. By definition, one element of
the filter base D, is the collection

D" ={AeM:v,(A) <o(A)}={AeM:noc(A\S5) <o(A)}
_ co(4\s) 1
{AEM. o(4) <n}.
For each A € D",

Juf do <l.U(AﬂS)+M'U(A\S) <l+%.
oc(A) —n o4 o(A) —n n
This shows that
im L7 g,
AeDeD, o(A)
Now assume that limaecpep, {;LX‘)) = 0. Given € > 0, there is a nonnegative

g € L such that z € Z, and for all measurable sets A with [, gdo < o(A) we
have [, fdo <e-0(A). Let S = {g < %} Then z € e(S). For each subset A C S,
with o(A4) > 0, we have [, gdo < % - 0(A), and thus [, fdo < e-o(A). It follows
that o ({y € S: f(y) > e}) = 0. Therefore, z is in the image under e of the set
SNC{yeX: fly)>el={yeS: fly)<e} C{ye X: f(y) <e},
andsozx €e({y e X : f(y) <e}). O

Corollary 8.5. A function f € L™ is essentially close to f(x) for o-a.e. x € X.
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9. A LIFTING OF L% CAPTURING APPROXIMATE VALUES

Definition 9.1. A multiplicative lifting of £ is a linear mapping 7" from £
into £*° such that for each f, g € L,

a) T(f) = f o-ae.,

b) if f = g o-a.e., then T(f) = T(g), and

c) T(f-9)=T(f)-T(g).

Given a topology on X, we say the lifting is strong if we have T'(f)(x) = f(z)
at each point  where f is continuous.

Remark 9.2. The multiplicativity property forces a lifting to be a positive map.
We have used a local notion of a strong lifting, which forces globally continuous
functions to be retained by T

Remark 9.3. A lifting can be used to produce a positive zero-set mapping by setting
Zs, equal to the set where T'(f) equals zero. We have shown that a zero-set mapping
can be used to construct a lower density. We will now give a simple construction
using a lower density e to produce a lifting T of £ such that T captures all
approximate values. That is, T'(f)(x) = c if f is essentially close to ¢ at x. The
construction will again use a nonstandard enlargement of a structure containing X
and the real numbers. We should note first that not every limit produced by a limit
process can be captured by a multiplicative lifting.

Example 9.4. Let f be the characteristic function of the interval [0, 1]. Then the
symmetric interval derivative of f with respect to Lebesgue measure at the point 0
is 1/2. If T is a multiplicative lifting of £°°, we must have (T'(f))* = T(f2) = T(f).
We cannot, therefore, have T'(f)(0) = 1/2.

Theorem 9.5. Let e be a lower density on X, and let b be the associated upper
density. Let ¢ be a base choice function determined by b and e. For each f € L™

and each x € X, set T(f)(z) =t4(f)(x) :==st*f (¢p(z)).
1. The mapping T is a multiplicative lifting of L.
2. If f is essentially close to ¢ at x, then T(f)(x) = c.
3. The lifting T is a strong lifting for the b-topology and any coarser topology.

Proof. Statements 1 and 2 follow immediately from Proposition [E.1T]and Corollary
R Since an upper density is a strong base operator, by Theorem [6.14], the monad
of any point z in the b-topology is F, U {z}. Therefore, T is a strong lifting with
respect to the b-topology and any topology coarser than the b-topology. O

Remark 9.6. Assume that the lower density e is obtained from measure differenti-
ation with respect to balls. Then ¢(z) is a point in the monad of x and also in the
nonstandard extension of every set for which z is a point of density. In general,
the mapping = — st *f (¢(x)) gives a lifting for locally bounded measurable func-
tions, and even for functions in £! (o) if one allows infinities and does not require
multiplicativity at such points.

Remark 9.7. The authors have found a paper of Eifrig [8] in which he uses a rapid
ultrafilter and a mapping x — B,, where B, is an internal subset of our set F,, to
establishing a lifting for measurable sets. His mapping is essentially the same as the
map we have constructed for the lifting of sets. However, while aproof of the exis-
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tence of a rapid ultrafilter needs the Continuum Hypothesis or Martin’s Axiom, our
construction and proof of a lifting of functions in £, retaining approximate values,
uses just basic nonstandard analysis and the existence of an optimal differentiation
basis.

Remark 9.8. (Added July 21, 1999.) For measures absolutely continuous with re-
spect to a reference measure o, we have shown that a zero-set mapping Z can be
obtained in several steps from a lower density. For the existence of the latter, even
in a noncomplete measure space, see [12]. For a class of measures M that contains
measures singular with respect to o, one can keep the zero sets small by adding
the additional condition that for each v € M, Z, is contained in a measurable set
A, with v (4,) = 0. (This follows automatically from our differentiation result if
v < o.) H. von Weizsicker and the second author have shown that there exists
such a zero-set mapping, where each zero-set Z, is itself measurable, when the
underlying o-algebra is countably generated. The proof is given in an appendix to

15]-
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